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I. INTRODUCTION
Heat kernel is a universal tool in theoretical and mathematical physics. One can
point out, in particular, its applications to quantum theory of gauge fields, quantum
gravity1–8, theory of strings9 and mathematical theory of differential operators on nontrivial
manifolds10–18. The significance of this object follows from the fact that the vast scope of
problems boils down to the analysis of the operator quantity
K(s) = exp sH (1.1)
which is associated with some differential operator H and has a kernel
K(s|x, y) ≡ exp sH δ(x, y) (1.2)
solving the heat equation
∂
∂s
K(s|x, y) = HK(s|x, y), K(s|x, y) |s=0 = δ (x, y). (1.3)
Here we shall focus on quantum field theory, in which case H coincides with the Hessian of
the classical action (times a local matrix6). In quantum field theory, the heat kernel (1.1)
governs the semiclassical loop expansion to all orders, and in the covariant diagrammatic
technique2,3,6–8,19–22 it becomes indispensable. In particular, it generates the main ingredient
of this expansion – the propagator of the theory,
1
H
= −
∫ ∞
0
dsK(s), (1.4)
and at one-loop order leads to the effective action in terms of the functional trace of the
heat kernel TrK(s)
−W =
1
2
∫ ∞
0
ds
s
TrK(s), (1.5)
TrK(s) ≡
∫
d2ωx trK(s|x, y)
∣∣∣
y=x
. (1.6)
Here tr, as distinct from Tr in (1.5), denotes the matrix trace with respect to the discrete
indices of K(s|x, y) (which arise for any matrix-valued operator H , corresponding to the
fields of nonzero spin) and 2ω is the spacetime dimension.
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Apart from special backgrounds (see, e.g.,16), the heat kernel cannot be calculated ex-
actly, and for the effective action in quantum field theory, one needs it as a functional
of background fields5,8. For an approximate calculation, two regular schemes23 have thus
far been used: the technique of asymptotic expansion at early time3,10–13,24 (s → 0) and
covariant perturbation theory19–22.
As seen from (1.5), the asymptotic expansion of (1.6) in s → 0 allows one to single
out the ultraviolet divergences generated by the lower integration limit in s. One can also
obtain the local effects of vacuum polarization by massive quantum fields25 corresponding to
the asymptotic expansion of the effective action in inverse powers of large mass parameter
m2 →∞. In massive theories, the integral (1.5) acquires the multiplier e−m
2s exponentially
suppressing large scales of s and generating the 1/m2−expansion. The coefficients of this
expansion are the spacetime integrals of local invariants an(x, x), n = 0, 1, 2, ..., of grow-
ing power in curvature and its derivatives, called DeWitt or HAMIDEW coefficients. The
local (Schwinger-DeWitt) expansion is, therefore, an asymptotic approximation of small
and slowly varying background fields. The term HAMIDEW, which means Hadamard-
Minakshisundaram-DeWitt, has been proposed by G.Gibbons26 to praise the joint efforts of
mathematicians and physicists in the pioneering studies of the early-time expansion of the
heat kernel10,11,3. These studies contained the explicit calculation of an(x, x) for n = 0, 1
and 2. The coefficient a3(x, x) has been worked out by P.B.Gilkey
13, while the highest-order
coefficient available now for a generic theory, a4(x, x), was obtained by I.G.Avramidy
24 (see
also Ref. 27).
This expansion, very efficient for obtaining covariant renormalizations and anomalies,
becomes, however, unreliable for large and/or rapidly varying fields and completely fails
in massless theories, because, in the absence of a damping factor e−m
2s, the early-time ex-
pansion of TrK(s) in (1.5) is non-integrable at the upper limit s → ∞. The calculational
technique which solves this problem in the case of rapidly varying fields is covariant pertur-
bation theory19–22. It corresponds to a partial summation of the Schwinger-DeWitt series
by summing all terms with a given power of the curvature and any number of derivatives28.
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This is still an expansion of TrK(s) in powers of the curvature but the coefficients of this
expansion are nonlocal. In contrast to the Schwinger-DeWitt expansion, in this technique
the convergence of the integral (1.5) at s → ∞ for massless theories is controlled by the
late-time behaviour of these nonlocal coefficients, which altogether comprise the late-time
behaviour of the heat kernel.
Covariant perturbation theory is already capable of reproducing the effects of nonlocal
vacuum polarization and particle creation by rapidly varying fields. It should, therefore,
contain the Hawking radiation effect29 and its backreaction on the metric in the gravitational
collapse problem30–32. This was in fact the original motivation for studying this theory.
This motivation has recently been strengthened in the work33 where it is shown that loop
expansion of field theory can be trusted in the spacetime domain near null infinity where
the massless vacuum particles are radiated.
Covariant perturbation theory was proposed in19 and then applied for the calculation of
the heat kernel and effective action to second order in the curvature20. However, as pointed
out in papers32,8,33, one has to go as far as third order in the curvature (in the action) to
obtain the component of radiation that remains stable after the black hole is formed. The
third-order calculation has recently been completed22 for both the heat kernel and one-loop
effective action. The basis of third-order curvature invariants was built22,34, and all nonlocal
coefficients of these invariants both in the heat kernel and effective action were calculated as
functions of three commuting operator arguments. Several integral representations for these
functions were obtained. The results for the effective action checked by deriving the trace
anomaly in two and four dimensions. Here we focuse on the results for the heat kernel.
The structure of nonlocal coefficients in the heat kernel is discussed below but the full
results for these coefficients22 are usable only in the format of the computer algebra program
Mathematica35. Therefore, they will not be presented here. Below we present only the
asymptotic behaviours of the heat kernel at early and late times, which are most important,
in view of the discussion above, for the theory of massless quantum fields, and for the spectral
analysis on Riemann manifolds.
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For a technical discussion of covariant perturbation theory and relevant physical problems
we refer the reader to papers19–21 and the recent paper22,34 where this theory along with
some of its applications is reviewed. Although we consider only the trace of the heat kernel,
the knowledge of the functional trace (1.6) is sufficient, owing to the variational method in36,
for obtaining also the coincidence limit of the heat kernel trK(s|x, y)
∣∣∣
y=x
and coincidence
limits of its derivatives with respect to one of the spacetime arguments. Finally, by using
the method in15,37, covariant perturbation theory can be extended to the calculation of
heat kernel with separated points – the object very important for multi-loop diagrams7 and
for field theory at finite temperature38. To second order in the curvature, this object was
calculated in39.
Like the Schwinger-DeWitt technique, covariant perturbation theory fails in the case of
large fields. Apart from some special cases40, the problem of large fields remains unsolved but
one may think of an approximation scheme complimentary to covariant perturbation theory,
where one starts with large and slowly varying fields. The lowest-order approximation of such
a scheme would be the case of covariantly constant background fields. This approximation
has recently been considered (for the vanishing Riemann curvature, however) in41 with a
result generalizing the old Schwinger’s result2 to the non-abelian vector fields. In a rather
non-trivial way, the result in41 can also be extended to the case of non-vanishing, covariantly
constant, Riemann curvature42.
The plan of the paper is as follows. In Sect.II we introduce the notation, and review the
general setting of covariant perturbation theory for the heat kernel in the case of a generic
second-order Hamiltonian. Next we comment on the full results obtainede for the trace of
the heat kernel to third order in the curvature. Sect.III presents the early-time asymptotic
behaviour of the trace of the heat kernel as obtained from these results. We carry out
a comparison with the Schwinger-DeWitt series and, as a by-product, obtain a workable
expression for the cubic terms of the HAMIDEW coefficient a4. Finally, Sect.IV contains
the main result of the present paper: the late-time asymptotic behaviour of the trace of the
heat kernel to third order in the curvature. As mentioned above, the capability of covariant
5
perturbation theory of producing this behaviour is the principal advantage of the method.
II. COVARIANT PERTURBATION THEORY FOR THE TRACE OF THE HEAT
KERNEL
The subject of calculation in covariant perturbation theory of19–22 is the heat kernel (1.1)
where H is the generic second-order operator
H = gµν∇µ∇ν 1ˆ + (Pˆ −
1
6
R1ˆ), gµν∇µ∇ν ≡ ✷ (2.1)
acting in a linear space of fields ϕA(x). Here A stands for any set of discrete indices, and the
hat indicates that the quantity is a matrix acting on a vector ϕA: 1ˆ = δAB, Pˆ = P
A
B, etc.
We have tr1ˆ = δAA, trPˆ = P
A
A, etc. In (2.1), gµν is a positive-definite metric characterized
by its Riemann curvature43 Rαβµν , ∇µ is a covariant derivative (with respect to an arbitrary
connection) characterized by its commutator curvature
(∇µ∇ν −∇ν∇µ)ϕ
A = RABµνϕ
B, RABµν ≡ Rˆµν , (2.2)
and Pˆ is an arbitrary matrix. The redefinition of the potential in (2.1) by inclusion of the
term in the Ricci scalar R is a matter of convenience, while the absence of the term linear in
∇µ can be always achieved by a redefinition of the connection entering the covariant deriva-
tive. The only important limitation in the operator (2.1) is the structure of its second-order
derivatives which form a covariant Laplacian ✷. There exist, however, efficient methods6 by
which a more general problem can be reduced to the case of (2.1) (see also17).
The present paper, like the preceding ones19–22, deals only with the version of covariant
perturbation theory appropriate for noncompact asymptotically flat and empty manifolds.
The interest in this setting follows from the fact that it results in the Euclidean effective
action which, for certain quantum states, is sufficient for obtaining the scattering amplitudes
and expectation-value equations of Lorentzian field theory19. Under the assumed conditions,
the covariant Laplacian ✷, has a unique Green function corresponding to zero boundary
conditions at infinity. The masslessness of the operator (2.1) means that, like the Riemann
6
and commutator curvatures, the potential Pˆ falls off at infinity. For the precise conditions
of this fall off see20.
For the set of the field strengths (curvatures)
Rαβµν , Rˆµν , Pˆ (2.3)
characterizing the background we use the collective notation ℜ. The calculations in covariant
perturbation theory are carried out with accuracy O[ℜN ], i.e. up to terms of Nth and higher
power in the curvatures (2.3). It is worth noting that, since the calculations are covariant,
any term containing the metric is in fact of infinite power in the curvature, and O[ℜN ] means
terms containing N or more curvatures explicitly.
The trace of the heat kernel is an invariant functional of background fields which belongs
to the class of invariants considered in34. It is, therefore, expandable in the basis of nonlocal
invariants of Nth order built in34. To third order, the expansion is of the form
TrK(s)=
1
(4pis)ω
∫
dx g1/2 tr
{
1ˆ + sPˆ + s2
5∑
i=1
fi(−s✷2)ℜ1ℜ2(i)
+s3
11∑
i=1
Fi(−s✷1,−s✷2,−s✷3)ℜ1ℜ2ℜ3(i)
+s4
25∑
i=12
Fi(−s✷1,−s✷2,−s✷3)ℜ1ℜ2ℜ3(i)
+s5
28∑
i=26
Fi(−s✷1,−s✷2,−s✷3)ℜ1ℜ2ℜ3(i)
+s6 F29(−s✷1,−s✷2,−s✷3)ℜ1ℜ2ℜ3(29) + O[ℜ
4 ]
}
. (2.4)
The full list of quadratic ℜ1ℜ2(i), i = 1 to 5, and cubic ℜ1ℜ2ℜ3(i), i = 1 to 29, curvature
invariants here, as well as the conventions concerning the action of box operator arguments
(✷1,✷2,✷3) on the curvatures (ℜ1,ℜ2,ℜ3) labelled by the corresponding numbers, are pre-
sented and discussed in much detail in34. The form factors of this expansion fi(ξ), i = 1 to
5, and Fi(ξ1, ξ2, ξ3), i = 1 to 29, all express through the basic second-order and third-order
form factors
f(ξ) =
∫
α≥0
d2α δ(1− α1 − α2) exp(−α1α2ξ) =
∫ 1
0
dα e−α(1−α)ξ, (2.5)
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F (ξ1, ξ2, ξ3) =
∫
α≥0
d3α δ(1− α1 − α2 − α3) exp(−α1α2ξ3 − α2α3ξ1 − α1α3ξ2). (2.6)
The structure of these expressions is as follows:
fi(ξ) = ri(ξ) f(ξ) + vi(ξ), (2.7)
Fi(ξ1, ξ2, ξ3) = Ri(ξ1, ξ2, ξ3)F (ξ1, ξ2, ξ3) +
3∑
n=1
Uni (ξ1, ξ2, ξ3) f(ξn) + Vi(ξ1, ξ2, ξ3) (2.8)
where ri(ξ), vi(ξ), Ri(ξ1, ξ2, ξ3), U
n
i (ξ1, ξ2, ξ3) and Vi(ξ1, ξ2, ξ3) are certain rational functions
of their arguments. The functions ri and vi have in the denominator the powers of ξ, while
the denominators of Ri, U
n
i and Vi are formed by the powers of the universal quantity
ξ1ξ2ξ3∆, ∆ ≡ ξ
2
1 + ξ
2
2 + ξ
2
3 − 2ξ1ξ2 − 2ξ2ξ3 − 2ξ3ξ1, and also contain the factors (ξj − ξk),
j 6= k, (in the denominators of Uni ). Despite this fact, all the form factors are analytic
in their arguments at ξj = 0, ∆ = 0 and ξj = ξk, and the mechanism of maintaining this
analyticity is based on linear differential equations which the functions (2.5) – (2.6) satisfy22.
Here we present some of these equations in the form which will be used in Sect.IV for the
derivation of the effective action for massless conformal field in two dimensions:
d
dξ
f(ξ) = −
1
4
f(ξ)−
1
2
f(ξ)− 1
ξ
, (2.9)
d2
dξ2
f(ξ) =
1
16
f(ξ) +
1
4
f(ξ)− 1
ξ
+
3
4
f(ξ)− 1 + 1
6
ξ
ξ2
, (2.10)
s
∂
∂s
F (−s✷1,−s✷2,−s✷3) = −
(
s
✷1✷2✷3
D
+ 1
)
F (−s✷1,−s✷2,−s✷3)
−
✷1(✷3 +✷2 − ✷1)
2D
f(−s✷1)−
✷2(✷3 +✷1 − ✷2)
2D
f(−s✷2)
−
✷3(✷1 +✷2 − ✷3)
2D
f(−s✷3), (2.11)
D ≡ ✷1
2 + ✷2
2 +✷3
2 − 2✷1✷2 − 2✷1✷3 − 2✷2✷3. (2.12)
The explicit results for the second-order form factors are given in20 (see also24). The
explicit results for the third-order form factors are given in22 and take pages. They are,
however, manageable in the format of the computer algebra program Mathematica. This
program was used for a number of derivations in22, and for obtaining the asymptotic be-
haviours presented below.
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III. THE EARLY-TIME BEHAVIOUR OF THE TRACE OF THE HEAT KERNEL
AND THE SCHWINGER-DEWITT EXPANSION
The early-time behaviour of the heat kernel follows from the tables of paper22 and the
behaviour of the basic form factors (2.5) and (2.6)
f(−s✷) = 1 +
1
6
s✷+
1
60
s2✷2 +O
(
s3
)
, s→ 0 (3.1)
F (−s✷1,−s✷2,−s✷3) =
1
2
+
1
24
s(✷1 +✷2 +✷3) + O
(
s2
)
, s→ 0. (3.2)
It is striking that, in the resulting early-time expansion, the third-order form factors are
nonlocal and, for some of them, the expansion starts with a negative power of s. By making
a comparison with the table of tensor structures of eq.(2.4) presented in22,34, one can see
that such a behaviour is inherent only in the gravitational form factors, and, moreover, the
nonlocal operators 1/✷ in the asymptotic expressions above act only on the gravitational
curvatures. As discussed in20,34, these features will persist at all higher orders in ℜ, and the
cause is that the basis set of curvatures for the heat kernel does not contain the Riemann
tensor which gets excluded via the Bianchi identitites in terms of the Ricci tensor. Below
we show that restoring the Riemann tensor restores the locality of the early-time expansion.
The early-time expansion for TrK(s) is of the form3
TrK(s) =
1
(4pis)ω
∞∑
n=0
sn
∫
dx g1/2 tr aˆn(x, x) (3.3)
where aˆn(x, x) are the DeWitt coefficients with coincident arguments. All aˆn(x, x) are local
functions of the background fields entering the operator (2.1). There exist independent
methods for obtaining these coefficients, and, for n = 0, 1, 2, 3, 4, the aˆn(x, x) have been
calculated explicitly3,4,10–13,6,24,27. A comparison with these known expressions, carried out
below, provides a powerful check of the results of covariant perturbation theory.
By using the behaviours (3.1) – (3.2) and the tables of form factors of Ref. 22, one arrives
at eq.(3.3) with the following results for the (integrated) DeWitt coefficients a0 to a4:
∫
dx g1/2 tr aˆ0(x, x) =
∫
dx g1/2 tr 1ˆ, (3.4)
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∫
dx g1/2 tr aˆ1(x, x) =
∫
dx g1/2 tr Pˆ , (3.5)
∫
dx g1/2 tr aˆ2(x, x) =
∫
dx g1/2 tr
{
1
2
Pˆ1Pˆ2 +
1
12
Rˆ1µνRˆ
µν
2 +
1
60
R1µνR
µν
2 1ˆ−
1
180
R1R21ˆ
+
✷3
360✷1✷2
R1R2R31ˆ +
1
90
(
−
2
✷3
+
✷3
✷1✷2
)
Rµ1αR
α
2βR
β
3µ1ˆ +
1
180
( 2
✷2
−
✷3
✷1✷2
)
Rµν1 R2 µνR31ˆ
+
1
180
(
−
2
✷1✷2
−
3
✷2✷3
)
Rαβ1 ∇αR2∇βR31ˆ +
1
45✷1✷2
∇µRνα1 ∇νR2 µαR31ˆ
+
1
45✷2✷3
Rµν1 ∇µR
αβ
2 ∇νR3αβ 1ˆ +
1
45
( 2
✷1✷2
−
1
✷2✷3
)
Rµν1 ∇αR2βµ∇
βRα3 ν 1ˆ
−
1
45✷1✷2✷3
∇α∇βR
µν
1 ∇µ∇νR
αβ
2 R31ˆ −
2
45✷1✷2✷3
∇µR
αλ
1 ∇νR
β
2λ∇α∇βR
µν
3 1ˆ
}
+O[ℜ4], (3.6)
∫
dx g1/2 tr aˆ3(x, x) =
∫
dx g1/2 tr
{
✷2
12
Pˆ1Pˆ2 +
✷2
120
Rˆ1µνRˆ
µν
2 +
✷2
180
Pˆ1R2
+
✷2
840
R1µνR
µν
2 1ˆ−
✷2
3780
R1R21ˆ +
1
6
Pˆ1Pˆ2Pˆ3 −
1
45
Rˆ µ1 αRˆ
α
2 βRˆ
β
3 µ +
1
12
Rˆµν1 Rˆ2 µνPˆ3
+
1
180
(
1 +
2✷1
✷2
−
4✷3
✷2
+
✷3
2
✷1✷2
)
Rµν1 R2µνPˆ3 +
( 1
45
+
✷3
18✷1
)
Rαβ1 Rˆ
µ
2α Rˆ3 βµ
+
1
3360
(
−
28
27
+
4✷1
3✷3
+
✷3
2
✷1✷2
)
R1R2R31ˆ +
1
840
(
−
4
9
−
2✷1
✷3
+
✷3
2
✷1✷2
)
Rµ1αR
α
2βR
β
3µ1ˆ
+
1
15120
(
1−
✷1
✷2
+
8✷3
✷2
−
7✷3
2
2✷1✷2
)
Rµν1 R2µνR31ˆ +
1
45
( 2
✷2
−
✷3
✷1✷2
)
∇µRνα1 ∇νR2µαPˆ3
+
1
18✷1
R1αβ∇µRˆ
µα
2 ∇νRˆ
νβ
3 −
1
36✷1
Rαβ1 ∇αRˆ
µν
2 ∇βRˆ3 µν +
1
9✷1
Rµν1 ∇µ∇λRˆ
λα
2 Rˆ3αν
+
1
2520
( 1
✷1
−
2
✷2
−
4✷1
✷2✷3
−
2✷3
✷1✷2
)
Rαβ1 ∇αR2∇βR31ˆ
+
1
1080
( ✷3
✷1✷2
−
2
7✷2
)
∇µRνα1 ∇νR2µαR31ˆ +
1
504
( ✷1
✷2✷3
−
6
5✷2
)
Rµν1 ∇µR
αβ
2 ∇νR3αβ 1ˆ
+
1
420
( 2✷3
✷1✷2
−
4
3✷1
−
✷1
✷2✷3
)
Rµν1 ∇αR2βµ∇
βRα3 ν 1ˆ +
1
45✷1✷2
∇α∇βR
µν
1 ∇µ∇νR
αβ
2 Pˆ3
+
1
756
(
−
1
✷1✷2
−
3
✷2✷3
)
∇α∇βR
µν
1 ∇µ∇νR
αβ
2 R31ˆ
+
1
315
(
−
1
✷1✷2
−
3
✷2✷3
)
∇µR
αλ
1 ∇νR
β
2λ∇α∇βR
µν
3 1ˆ
+
1
1890✷1✷2✷3
∇λ∇σR
αβ
1 ∇α∇βR
µν
2 ∇µ∇νR
λσ
3 1ˆ
}
+O[ℜ4], (3.7)
∫
dx g1/2 tr aˆ4(x, x) =
∫
dx g1/2 tr {
✷2
2
120
Pˆ1Pˆ2 +
✷2
2
1260
Pˆ1R2 +
✷2
2
1680
Rˆ1µνRˆ
µν
2
+
✷2
2
15120
R1µνR
µν
2 1ˆ +
✷3
24
Pˆ1Pˆ2Pˆ3 −
✷3
630
Rˆ µ1 αRˆ
α
2 βRˆ
β
3 µ +
✷1 +✷2 + 2✷3
180
Rˆµν1 Rˆ2µνPˆ3
+
2✷1 −✷3
15120
R1R2Pˆ3 +
1
1680
(
✷1 +
✷1
2
✷2
+
2✷3
3
+
✷1✷3
✷2
−
5✷3
2
✷2
+
3✷3
3
2✷1✷2
)
Rµν1 R2µνPˆ3
10
+
✷3
720
Pˆ1Pˆ2R3 +
1
840
(
✷1 + 4✷3 +
4✷2✷3
✷1
+
4✷3
2
✷1
)
Rαβ1 Rˆ
µ
2α Rˆ3 βµ
+
13✷1 − 2✷3
30240
R1Rˆ
µν
2 Rˆ3 µν +
1
50400
(2✷12
✷3
+
✷1✷2
✷3
− 2✷3 +
✷3
3
✷1✷2
)
R1R2R31ˆ
+
1
18900
( 3✷33
2✷1✷2
−
2✷1
2
✷3
−
✷1✷2
✷3
−
3✷3
2
)
Rµ1αR
α
2βR
β
3µ1ˆ +
1
151200
(
✷1 −
✷1
2
✷2
+6✷3 +
8✷1✷3
✷2
−
13✷3
2
✷2
+
3✷3
3
✷1✷2
)
Rµν1 R2µνR31ˆ +
1
252
Rˆαβ1 ∇
µRˆ2µα∇
νRˆ3νβ
+
1
60
Rˆµν1 ∇µPˆ2∇νPˆ3 +
1
180
∇µRˆ
µα
1 ∇
νRˆ2 ναPˆ3 −
1
1890
Rµν1 ∇µR2∇νPˆ3
+
1
420
(2
3
+
✷1
✷2
+
2✷3
✷2
−
3✷3
2
2✷1✷2
)
∇µRνα1 ∇νR2 µαPˆ3 +
1
180
Rµν1 ∇µ∇νPˆ2Pˆ3
+
1
105
( 1
12
+
✷3
✷1
)
R1αβ∇µRˆ
µα
2 ∇νRˆ
νβ
3 +
1
210
(
−
1
6
−
✷3
✷1
)
Rαβ1 ∇αRˆ
µν
2 ∇βRˆ3 µν
−
1
7560
R1∇αRˆ
αµ
2 ∇
βRˆ3 βµ +
1
105
(1
6
+
✷2
✷1
+
✷3
✷1
)
Rµν1 ∇µ∇λRˆ
λα
2 Rˆ3αν
+
1
25200
(1
9
−
3✷1
✷2
−
5✷1
2
2✷2✷3
+
✷3
✷1
−
✷3
✷2
−
✷3
2
✷1✷2
)
Rαβ1 ∇αR2∇βR31ˆ
+
1
37800
(7✷3
✷2
−
✷1
✷2
−
3✷3
2
✷1✷2
)
∇µRνα1 ∇νR2µαR31ˆ
+
1
12600
(
−
4
3
−
✷1
✷2
+
3✷1
2
2✷2✷3
−
2✷3
✷2
)
Rµν1 ∇µR
αβ
2 ∇νR3αβ 1ˆ
+
1
9450
(
− 3−
✷1
✷2
−
3✷1
2
2✷2✷3
−
3✷3
✷1
+
✷3
✷2
+
3✷3
2
✷1✷2
)
Rµν1 ∇αR2βµ∇
βRα3 ν 1ˆ
+
1
420
( 1
✷2
+
3✷3
2✷1✷2
)
∇α∇βR
µν
1 ∇µ∇νR
αβ
2 Pˆ3
+
1
25200
(
−
20
3✷2
−
4
✷3
−
6✷1
✷2✷3
+
✷3
✷1✷2
)
∇α∇βR
µν
1 ∇µ∇νR
αβ
2 R31ˆ
+
1
6300
(
−
4
✷2
−
8
3✷3
−
4✷1
✷2✷3
−
✷3
✷1✷2
)
∇µR
αλ
1 ∇νR
β
2 λ∇α∇βR
µν
3 1ˆ
+
1
6300✷1✷2
∇λ∇σR
αβ
1 ∇α∇βR
µν
2 ∇µ∇νR
λσ
3 1ˆ
}
+O[ℜ4]. (3.8)
The task is now to bring expressions (3.6)–(3.8) to a local form by restoring the Riemann
tensor. The procedure that we use is as follows. For each an, we first consider a linear
combination of all possible local invariants of the appropriate dimension with unknown
coefficients. Next, in this combination, we exclude the Riemann tensor by the technique
of Ref. 34 (see eq.(2.2) of this reference), and equate the result to the nonlocal expression
above. This gives a set of equations for the coefficients, which, in each case, has a unique
solution. In the case of a2, there is only one local invariant with explicit participation of the
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Riemann tensor:
∫
dx g1/2RαβµνR
αβµν . In the case of a3, there are seven (the integral over
space-time is assumed):
trPˆRµναβRµναβ , trRˆ
αβRˆµνRαβµν , R
αβ
µνR
µν
σρR
σρ
αβ , R
α β
µ νR
µ ν
σ ρR
σ ρ
α β,
RαβRαµνσR
βµνσ, RRµναβRµναβ , R
αµRβνRαβµν ,
(3.9)
and the coefficient of the sixth turns out to be zero. In the case of a4, there are ten (counting
only cubic):
tr✷PˆRαβµνRαβµν , trPˆ∇µ∇αRνβR
µναβ , trRˆαβ✷RˆµνRαβµν , ✷R
α
βRαµνσR
βµνσ,
✷RRµναβRµναβ , Rµν∇
µRαβσρ∇
νRαβσρ, R∇µ∇αRνβR
µναβ , ∇µRνα∇
αRρσR
µρνσ,
∇αRβλ∇µR
λ
νR
αβµν , Rαµ✷RβνRαβµν ,
(3.10)
and the last one proves to be absent. The number of invariants with the Riemann tensor
does not grow fast owing to the Bianchi identities and, particularly, their corollary which
excludes ✷Rαβµν in a local way.
The final results are as follows. The expressions (3.4) and (3.5) are already in the local
form. The expression (3.6) is brought to a local form
∫
dx g1/2 tr aˆ2(x, x) =
∫
dx g1/2 tr
{
1
2
Pˆ Pˆ +
1
12
RˆµνRˆ
µν
+
[
1
180
RαβµνR
αβµν −
1
180
RµνR
µν
]
1ˆ
}
+O[ℜ4 ], (3.11)
by using the identity (6.36) of Ref. 34 which expresses for arbitrary spacetime dimension
2ω the Gauss-Bonnet combination of Riemann and Ricci curvatures in terms of nonlocal
invariants built of the Ricci tensor.
Finally, the expressions (3.7), (3.8) rewritten in terms of invariants (3.9) and (3.10) take
the form
∫
dx g1/2 tr aˆ3(x, x) =
∫
dx g1/2 tr
{
1
12
Pˆ✷Pˆ +
1
120
Rˆµν✷Rˆ
µν +
1
180
Pˆ✷R
+
[
1
840
Rµν✷R
µν −
1
3780
R✷R
]
1ˆ +
1
6
Pˆ Pˆ Pˆ −
1
45
RˆµαRˆ
α
βRˆ
β
µ +
1
12
Pˆ RˆαβRˆαβ
+
1
72
RµναβRˆ
αβRˆµν −
1
180
RµνRˆαµRˆαν +
1
180
RµναβRµναβPˆ −
1
180
RαβRαβPˆ
+
[
−
1
1620
Rα βµ νR
µ ν
σ ρR
σ ρ
α β +
17
45360
RαβµνR
µν
σρR
σρ
αβ +
1
7560
RαβR
α
µνλR
βµνλ
+
1
945
RαβR
µνRα βµ ν −
4
2835
RαβR
β
µR
µ
α
]
1ˆ
}
+O[ℜ4], (3.12)
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∫
dx g1/2 tr aˆ4(x, x) =
∫
dx g1/2 tr
{
1
120
Pˆ✷2Pˆ +
1
1260
Pˆ✷2R +
1
1680
Rˆµν✷2Rˆµν
+
1
15120
Rµν✷2Rµν 1ˆ +
1
24
✷Pˆ Pˆ Pˆ −
1
630
✷RˆµαRˆ
α
βRˆ
β
µ +
1
252
Rˆαβ∇µRˆµα∇
νRˆνβ
+
1
180
✷RˆµνRˆµνPˆ +
1
180
Rˆµν✷RˆµνPˆ +
1
90
RˆµνRˆµν✷Pˆ +
1
180
∇µRˆ
µα∇νRˆναPˆ
+
1
720
Pˆ Pˆ✷R +
1
180
Rµν∇µ∇νPˆ Pˆ +
1
60
Rˆµν∇µPˆ∇νPˆ −
1
1890
Rµν∇µR∇νPˆ
−
1
15120
✷PˆRR +
1
7560
PˆR✷R −
1
1260
∇µRνα∇νRµαPˆ −
1
840
Rµν✷RµνPˆ
−
1
5040
RµνRµν✷Pˆ +
1
1120
RµναβRµναβ✷Pˆ +
1
420
Rµναβ∇µ∇αRνβPˆ
+
13
30240
✷RRˆµνRˆµν −
1
15120
RRˆµν✷Rˆµν −
1
7560
R∇αRˆ
αµ∇βRˆβµ
+
1
840
✷RαβRˆ µα Rˆβµ −
1
1260
Rαβ∇αRˆ
µν∇βRˆµν +
1
630
Rµν∇µ∇λRˆ
λαRˆαν
+
1
1260
Rαβ∇µRˆ
µα∇νRˆ
νβ +
1
420
RµναβRˆ
αβ
✷Rˆµν
+
[
1
50400
RµναβRµναβ✷R +
1
6300
✷RαβR
α
µνλR
βµνλ−
1
25200
Rλσ∇
λRµναβ∇σRµναβ
−
1
37800
Rµναβ∇µ∇αRνβR−
1
6300
Rµανβ∇µRνλ∇
λRαβ −
2
4725
Rαβµν∇αRβλ∇µR
λ
ν
+
1
37800
Rµν∇αRβµ∇
βRαν −
1
9450
Rµν∇µR
αβ∇νRαβ −
1
18900
∇µRνα∇νRµαR
+
29
453600
Rαβ∇αR∇βR +
1
37800
RRµν✷Rµν −
1
75600
✷RRµνRµν
−
1
7560
✷RµαR
α
βR
β
µ −
1
100800
✷RRR
]
1ˆ
}
+O[ℜ4]. (3.13)
The expressions (3.4), (3.5) and (3.11) for a0, a1 and a2 coincide with the results obtained
by other methods3,4,10–13,6. It is easy to compare expression (3.12) for a3 with the result
in13,24 since they differ only by the substitution46
∫
dx g1/2 tr∇αRˆ
αµ∇βRˆβµ =
∫
dx g1/2 tr
(
−
1
2
Rˆµν✷Rˆ
µν + 2RˆµαRˆ
α
βRˆ
β
µ
+RµνRˆαµRˆαν −
1
2
RµναβRˆ
αβRˆµν
)
, (3.14)
and it is very difficult to compare expression (3.13) for a4 with the result in
24. An algebra of
the Bianchi identities, Jacobi identities for the commutator curvature (2.2) and integration
by parts, which must be used for this purpose, can be found in Refs. 34,22. The coincidence
does take place with accuracy O[ℜ4] but expression (3.13) is a result of such drastic sim-
plifications that it should be considered as new. It goes without saying that, although all
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the equations (3.11) – (3.13) are presently obtained with accuracy O[ℜ4], the results for a2
and a3 are exact. It is also worth emphasizing that the further expansion of the formfactors
gives the terms of given quadratic and cubic orders in the curvature of all tr aˆn(x, x).
IV. THE LATE-TIME BEHAVIOUR OF THE TRACE OF THE HEAT KERNEL
As discussed above, the late-time asymptotic behaviour is the most important result of
covariant perturbation theory for the heat kernel, because it gives a universal criterion of
the analyticity of the effective action (1.5) in the curvature for massless models and, thus,
determines the range of applicability of this theory. Derivation of the late-time behaviour of
the form factors in the heat kernel was given in paper20 to all orders in the curvature. For
the basic form factors (2.5) and (2.6) this behaviour is
f(−s✷) = −
1
s
2
✷
+O
(
1
s2
)
, s→∞ (4.1)
F (−s✷1,−s✷2,−s✷3) =
1
s2
( 1
✷1✷2
+
1
✷1✷3
+
1
✷2✷3
)
+O
(
1
s3
)
, s→∞. (4.2)
The late-time behaviours of all second-order and third-order form factors follow then from
expressions (4.1) - (4.2) and the tables of paper22. One has
fi(−s✷) =
bi
s
1
✷
+O
(
1
s2
)
, i = 1 to 5,
b1 = −1/6, b2 = 1/18, b3 = 1/3, b4 = −1, b5 = −1/2, (4.3)
Fi(−s✷1,−s✷2,−s✷3) =
ai
s2
(
1
✷1✷2
+
1
✷1✷3
+
1
✷2✷3
)
+O
(
1
s3
)
, i = 1 to 7, 9, 10,
a1 = 1/3, a2 = −2/3, a3 = 0, a4 = 1/36, a5 = 0, a6 = −1/6, a7 = 0,
a9 = −1/648, a10 = 0, (4.4)
F8(−s✷1,−s✷2,−s✷3) =
1
s2
(
1
✷1✷2
+
1
✷1✷3
)
+O
(
1
s3
)
, (4.5)
F11(−s✷1,−s✷2,−s✷3) =
1
s2
1
12
(
1
✷1✷2
−
1
✷1✷3
−
1
✷2✷3
)
+O
(
1
s3
)
, (4.6)
sFi(−s✷1,−s✷2,−s✷3) =
1
s2
ai
✷1✷2✷3
+O
(
1
s3
)
, i = 12 to 25,
a12 = −2, a13 = −2, a14 = −2, a15 = 0, a16 = 0, a17 = 0, a18 = 2, a19 = −1,
a20 = 1/3, a21 = 4, a22 = 1/6, a23 = −1/3, a24 = −1/3, a25 = 0, (4.7)
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s2Fi(−s✷1,−s✷2,−s✷3) = O
(
1
s3
)
, i = 26, 27, 28, 29. (4.8)
The result is that the behaviour of the trace of the heat kernel at large s is s−ω+1, and the
coefficient of this asymptotic behaviour is obtained to third order in the curvature. As shown
in Ref. 20, this behaviour holds at all orders in the curvature except zeroth. This power
asymptotic behaviour is characteristic of a non-compact manifold. For a compact manifold
it will be replaced by the exponential behaviour TrK(s) ∝ exp(−λmins), s→∞, where λmin
is the minimum eigenvalue of the operator (−H) in (1.1). By applying the modification
of covariant perturbation theory, appropriate for compact manifolds, one should be able to
obtain this minimum eigenvalue as a nonlocal expansion in powers of the curvature (or a
deviation of the curvature from the reference one)45.
As seen from the expressions above, not all basis structures contribute to the leading
asymptotic behaviour. The asymptotic form of TrK(s) is as follows:
TrK(s)=
s
(4pis)ω
∫
dx g1/2 tr
{
Pˆ− Pˆ
1
✷
Pˆ −
1
2
Rˆµν
1
✷
Rˆµν+
1
3
Pˆ
1
✷
R−
1
6
Rµν
1
✷
Rµν 1ˆ +
1
18
R
1
✷
R1ˆ
+Pˆ
1
✷
Pˆ
1
✷
Pˆ − 2Rˆµα
1
✷
Rˆαβ
1
✷
Rˆβµ +
1
36
1
✷
R
1
✷
RPˆ +
1
18
R
1
✷
R
1
✷
Pˆ
−
1
6
1
✷
Pˆ
1
✷
PˆR−
1
3
Pˆ
1
✷
Pˆ
1
✷
R + 2
1
✷
Rαβ
1
✷
Rˆ µα Rˆβµ −
1
216
R
1
✷
R
1
✷
R1ˆ
+
1
12
1
✷
Rµν
1
✷
RµνR1ˆ−
1
6
Rµν
1
✷
Rµν
1
✷
R1ˆ− 2
1
✷
Rˆαβ∇µ
1
✷
Rˆµα∇
ν 1
✷
Rˆνβ
−2
1
✷
Rˆµν∇µ
1
✷
Pˆ∇ν
1
✷
Pˆ − 2∇µ
1
✷
Rˆµα∇ν
1
✷
Rˆνα
1
✷
Pˆ
+2
1
✷
Rαβ∇µ
1
✷
Rˆµα∇ν
1
✷
Rˆνβ −
1
✷
Rαβ∇α
1
✷
Rˆµν∇β
1
✷
Rˆµν
+
1
3
1
✷
R∇α
1
✷
Rˆαµ∇β
1
✷
Rˆβµ + 4
1
✷
Rµν∇µ∇λ
1
✷
Rˆλα
1
✷
Rˆαν
+
1
6
1
✷
Rαβ∇α
1
✷
R∇β
1
✷
R1ˆ−
1
3
∇µ
1
✷
Rνα∇ν
1
✷
Rµα
1
✷
R1ˆ
−
1
3
1
✷
Rµν∇µ
1
✷
Rαβ∇ν
1
✷
Rαβ 1ˆ + O[ℜ
4]
}
+O
(
1
sω
)
, s→∞. (4.9)
As discussed in Introduction, the behaviour (4.9) is very important for the effective action
in massless theories. It controls the convergence of the integral (1.5) at the upper limit and
serves as a criterion of analyticity of the effective action in the curvature. For manifolds of
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dimension
2ω > 2
this integral converges at the upper limit at each order in the curvature. Therefore, the
effective action in four (and higher) dimensions is always analytic in the curvature whereas
in two dimensions, ω = 1, it is generally not. An exceptional case is a conformal invariant
two-dimensional scalar field with
tr1ˆ = 1, ℜˆµν = 0, Pˆ = R/6, Rµν = gµνR/2, g
1/2R = a total derivative, ω = 1, (4.10)
for which the effective action is expandable in powers of the curvature because the inte-
gral (1.5) converges at the upper limit at each order of this expansion owing to specific
cancellations in the leading asymptotic behaviour (4.9)20,22. However, generally, for a two-
dimensional theory the effective action is non-analytic in curvature, which implies that its
calculation requires a further summation of the curvature series in the heat kernel – a tech-
nique which is beyond the presently discussed calculational scheme (see Introduction and
Ref. 41).
For a two-dimensional theory (4.10) the full set of curvature invariants of eq.(2.4) re-
duces to the following two structures: R1R2 and R1R2R3, and TrK(s) takes the form of an
expansion in powers of the Ricci scalar only:
TrK(s) =
1
4pis
∫
dx g1/2
{
1 + s2
5∑
i=1
cifi(−s✷2)R1R2
+s3
29∑
i=1
CiFi(−s✷1,−s✷2,−s✷3)R1R2R3 +O[R
4]
}
, ω = 1 (4.11)
where
c1 = 1/2, c2 = 1, c3 = 1/6, c4 = 1/36, c5 = 0,
C1 = 1/216, C4 = 1/6, C5 = 1/12, C6 = 1/36, C9 = 1, C10 = 1/4, C11 = 1/2,
C15 =
s
24
(✷1 − ✷2 −✷3), C16 =
s
48
(✷3 − ✷2 −✷1), C17 =
s
72
✷2,
C22 =
s
4
(✷1 − ✷2 − ✷3), C23 =
s
8
(✷3 −✷2 − ✷1), C24 =
s
8
(✷1 −✷2 − ✷3),
16
C25 =
s
16
(✷1 − ✷2 −✷3), C26 =
s2
24
✷1✷2, C27 =
s2
4
✷1✷2,
C28 =
s2
16
✷3(✷3 − ✷2 −✷1), C29 =
s3
8
✷1✷2✷3,
C2 = C3 = C7 = C8 = C12 = C13 = C14 = C18 = C19 = C20 = C21 = 0. (4.12)
By using in (4.11) the asymptotic behaviours (4.3) – (4.8), one can now check that, at
s → ∞, the leading terms 1/s in TrK(s)/s cancel at both second order and third order in
the curvature so that
1
s
TrK(s) = O
(
1
s2
)
, s→∞. (4.13)
As a result, the integral (1.5) converges at the upper limit. The convergence at the lower
limit in the curvature-dependent terms holds trivially. Only the term of zeroth order in the
curvature is ultraviolet divergent but, in the effective action of a massless theory, this term
gets subtracted by a contribution of a local functional measure47. The actual calculation of
this integral can be performed by using in (4.11) the table of form factors of Ref. 22 and
the differential equations (2.9) – (2.11) for basic form factors, which allow one to convert
TrK(s)/s into a total derivative in s:
1
s
TrK(s)=
1
4pi
d
ds
∫
dx g1/2
{
−
1
s
+ l (s,✷2)R1R2
+h (s,✷1,✷2,✷3)R1R2R3 +O[R
4]
}
, ω = 1, (4.14)
where
l (s,✷) =
1
✷
[
1
8
f(−s✷)−
1
4
f(−s✷)− 1
s✷
]
, (4.15)
h(s,✷1,✷2,✷3) = sF (−s✷1,−s✷2,−s✷3)
✷1✷2✷3
3D2
+
f(−s✷1)
8D2✷1✷2
(
✷1
4− 2✷1
3
✷3
+2✷1✷3
3− ✷3
4− 2✷1
3
✷2 + 3✷2✷3
3− 8✷1
2
✷2✷3 + 8✷1✷2✷3
2− 10✷1✷2
2
✷3− 2✷2
2
✷3
2
)
−
[
f(−s✷1)− 1
s✷1
]
1
4D✷1✷2
(
✷1
2 + 4✷1✷2 +✷2✷3 − ✷3
2
)
−
1
✷2− ✷3
✷2
✷1
{
1
8
[
f(−s✷2)
✷2
−
f(−s✷3)
✷3
]
−
1
4
[
f(−s✷2)− 1
s✷22
−
f(−s✷3)− 1
s✷32
]}
. (4.16)
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Insertion of (4.14) (with the subtracted term of zeroth order in R) in (1.5) gives for the
effective action:
W =
1
8pi
∫
dx g1/2
{
l (0,✷2)R1R2 + h(0,✷1,✷2,✷3)R1R2R3 +O[R
4]
}
, ω = 1, (4.17)
where use is made of the fact that the functions l and h vanish at s→∞. With the
asymptotic behaviours (3.1) and (3.2), and the explicit expressions above, we obtain for
l (0,✷) and the completely symmetrized in ✷1,✷2,✷3 function h(0,✷1,✷2,✷3) (which only
contribute to (4.17))
l (0,✷) =
1
12
1
✷
, hsym(0,✷1,✷2,✷3) = 0, (4.18)
whence
W =
1
96pi
∫
dx g1/2R
1
✷
R +O[R4], ω = 1. (4.19)
Here the term of second order in the curvature reproduces the result of paper20 (and the
results of Refs. 9,30 obtained by integrating the trace anomaly).
Thus the third–order contribution in W really vanishes, and the mechanism of this van-
ishing is that, under special conditions like (4.10), the third-order contribution in s−1TrK(s)
becomes a total derivative of a function vanishing at both s = 0 and s = ∞. This mecha-
nism underlies all ”miraculous” cancellations of nonlocal terms including the trace anomaly
in four dimensions.
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